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Abstract: Kalman filtering has been extensively used technique to estimate the states of discrete-time dynamic systems in a
wide range of applications such as control system, signal processing and communication systems etc. A correct and accurate
state estimation of linear or non-linear system can be improved by selecting the proper estimation technique. State estimation
can be improved by linearizing the nonlinear system by means on different mathematical concepts. Kalman filter algorithms
are often used technique that provides linear, unbiased and minimum variance estimates of an unknown state vectors for
non-linear systems. In this paper we tried to bridge the gap between the Kalman filter and its variant i.e., Extended Kalman
Filter (EKF) with their algorithm and performance, when applied to a non-linear system. To demonstrate the effectiveness,
this paper also present the state estimation of the motor driven cart model with inverted pendulum through Kalman filter and
Extended Kalman filtering which is moving with a constant force. The algorithms discussed here, has been proved more
effective when only noisy observation data is available.
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1. INTRODUCTION

The uncertainty of the state value varies due to the changes
in the system state and due to the information in the
measurements. The Kalman filter has been one of the most
widely applied techniques in the area of modem control,
communication applications and signal processing for
estimating the states of the system with unknown statistics.
More recently, it has also been used in some non-engineering
applications such as short-term forecasting and the analysis
of life lengths from dose-response experiments.

Kalman filtering not only used in state estimation, but
also it has been widely applied in forecasting of system
applications such as weather, share market etc. For estimating
an unknown state, measurement devices are constructed in
such a manner that the output data signals must be
proportional to certain variables of interest. Knowledge of
the probability density function of the state conditioned on
all available measurement data provides the most complete
possible description of the state but except in the linear
Gaussian case, it is extremely difficult to determine this
density function [1]. To enhance these concepts, several
algorithms were proposed using parametric and non-parametric
techniques such as Extended Kalman Filter (EKF), Unscented
Kalman filter (UKF) respectively.

There are number of situations where the accurate
specifications of the system are not available or that are
varying with time. In such situation, we need an adaptive
filter that incorporates the change in system behavior. The

adaptive filter algorithm requires some extra information for
updating the filter coefficients that is usually given in the
form of a signal. The adaptive filter [2] is fundamentally based
on the minimization theory of least squares. The applications
of adaptive filters have become much more common and are
now routinely used in devices such as mobile phones,
camcorders and digital cameras, and medical monitoring
equipment as the power of digital signal processors is
increased.

A stochastic process is a family of random variables
indexed by the parameter t and defined on a common
probability space. It is said to be continuous if t is a
continuous subset in random space and is said to be discrete
if t is a finite or countable set from t1, t2, ... tn, ...where
t1, t2,... tn, ... are the points at which observations of the process
are available and Bayesian models are a general probabilistic
approach for estimating an unknown probability density
function recursively over time using incoming measurements
and a mathematical process model [10].

Unscented transformation (UT) is an elegant way to
compute the mean and covariance accurately up to the
second order (third for Gaussian prior) of the Taylor series
expansion. Low-order statistics of a random variable
undergoes a non-linear transformation y = g(x) and generate
and propagate sigma points through the nonlinear
transformation-

Yi = g(X ) i , i = 0, ..., 2Lx (1)
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Where Lx is the dimension of x. Scaling parameters are
used to control the distance between the sigma points and
the mean x .

In this paper the state of the motor driven cart with
inverted pendulum has been estimated through Kalman filter
and Extended Kalman filter which is moving with a constant
force. Dynamic model of the system is very much nonlinear
and hence firstly we linearized the nonlinear system
equations using EKF algorithm, secondly we perform the
time domain analysis of the dynamic model using sampling
frequency 0.01 sec.

2. TECHNOLOGICAL DEVELOPMENT OF KALMAN
FILTER

Kushner [3], [4] observed that a state estimate is represented
by a probability density functions (pdf) and the description
of full pdf is required for the optimal (Bayesian) solution to
the problem. This observation is true only for some system
because the form of pdf is not restricted and hence it can't be
represented using finite number of parameter. To solve this
problem R.E. Kalman [5] designed an optimal state estimator
[6] for linear estimation of the dynamic systems [7] using
state space concept, and known as Kalman filter.

• The Kalman filter is an optimal observer in the sense
that it produces unbiased and minimum variance
estimates of the states of the system i.e., the expected
value of the error between the filter’s estimate and the
true state of the system is zero and the expected value
of the squared error between the real and estimated
states is minimum.

• The Kalman filter is an important generalization of the
Wiener filter. Unlike Wiener filters, which are designed
under the assumption that the signal and noise are
stationary, the Kalman filter has the ability to adapt
itself to non-stationary environments.

2.1 Wiener Filter

Weiner was as a pioneer in the study of stochastic and noise
processes [8] who proposed a class of optimum discrete
time filters during the 1940s and published in 1949. Its
purpose is to reduce the amount of noise present in a signal
by comparison with an estimation of the desired noiseless
signal. The Wiener process (often called as Brownian motion)
is one of the best known continuous-time stochastic process
with stationary statistical independence increments. The
Wiener filter uses the mean squared error as a cost function
and steepest-descent algorithm for recursively updating the
weights.

F[e(k)} = ξ(k) = E[e2(k)]

= E[a2(k) – 2d(k) y(k) + y2(k)] (2)

where d(k) is the reference signal.

The main problem with this algorithm is the requirement
of known input vector correlation matrix and cross correlation
vector between the input u and the desired response d(n)
and unfortunately both are unknown.

2.2 Discrete Kalman Filter

The Kalman filter is a set of mathematical equations that
provides an efficient computational (recursive) means to
estimate the state of a process, in such a way that minimizes
the mean of the squared error. The filter is very powerful in
several aspects:

(i) It supports estimations of past, present, and even
future states, and it can do so even when the precise
nature of the modeled system is unknown.

(ii) For a discrete-time linear dynamic model in state-space
description with Gaussian noise disturbance inputs,
the Kalman filter provides a real-time recursive
algorithm for estimating the state vectors of the system
using only available noisy observation data.

2.2.1 Dynamic System Model

The Kalman filter model assumes the true state at time k is
evolved from the state at (k – 1). Kalman filter has a process
model and measurement model that transform the process
state and describes the relationship between the process
state and the measurements respectively. These models can
usually be represented by linear stochastic difference
equations-

^

kx
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^
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Where E is the state transition model which is applied

to the previous state
^

1kx − ; F is the control-input model which

is applied to the control vector uk and The terms wk and vk

are random variables representing the process and
measurement noise respectively. These noises are considered
to be independent with each other and with normal probability
distributions-

         P(w) ~ N (0, H) & P(v) ~ N(0, R)

where H and R are the process noise covariance and
measurement noise covariance respectively.

2.2.2 Kalman Filter Algorithm

Initially the process state is estimated at some time and then
obtains feedback in the form of (noisy) measurements. The
equations for the Kalman filter fall into two groups:

• Time update (predictor) equations:  which are
responsible for projecting forward (in time) the current
state and error covariance estimates to obtain the
a priori estimates for the next time step.
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• Measurement update (corrector) equations: which
are responsible for the feedback i.e. for incorporating
a new measurement into the a priori estimate to obtain
an improved a posteriori estimate.

Fig. 1: The Recursive Calculation Procedure for
Discrete Kalman Filter

2.2.3 Limitation of Kalman Filtering

Sawaragi et al. [9] examined some design methods of Kalman
filters with uncertainties and observed three scenarios where
Kalman filters do not work well:

(a) Poor Observability: One should change the sensors,
or a new sensor must be added if the process is poorly
observable.

(b) Numerical Instability: Covariance matrices may
become asymmetric, leading to divergence in recursive
computation.

(c) Blind Spot: The state estimation error-covariance
reduces quickly when both process noise and
measurement noise covariance matrices are deemed to
be very small.

2.3 Extended Kalman Filter (EKF)

The extended Kalman filter (EKF) is the nonlinear version of
the Kalman filter that linearizes the process (to be estimated)
and (or) the measurement relationship (to the process) about
its current mean and covariance.

2.3.1 Extended Kalman Filter Algorithm

Time Update:

(1) Project the state ahead

^ ^

1( , ,0)k kkx f x u

−

−= (5)

(2) Project the error covariance ahead

1 1
T T

k k k k k k kG E G E W H W
−

− −= + (6)

Measurement Update:

(1) Compute the Kalman gain

1( )T T T
k kk k k k k k kK G J J G J V R V

− −
−= + (7)

(2) Update estimate with measurement zk

^ ^ ^

( ( ,0))k k kk kx x K z h x

− −

= + − (8)

(3) Update the error covariance

( ) kk k kG I K J G
−

= − (9)

The time update equations project the state and
covariance estimates from the previous time step k – 1 to the
current time step k. The measurement update equations correct
the state and covariance estimates with the measurement Zk.
An important feature of the EKF is to propagate or “magnify”
only the relevant component of the measurement information.

2.3.2 Limitations of EKF Algorithm

Although the EKF maintains the elegant and computationally
efficient recursive update form of the Kalman filter, it suffers
a number of serious limitations [11]:

(1) Linearized transformations are only reliable if the error
propagation is well approximated by a linear function.
If this condition does not hold, then the linearized
approximation would be extremely poor and hence it
causes its estimates to diverge altogether.

(2) The EKF does not guarantee unbiased estimates. In
addition, the calculated error covariance matrices do
not necessarily represent the true error covariance.

3. PROBLEM DESCRIPTION

We consider a dynamic system i.e., a cart with a constant
force moving with a constant acceleration and follow a linear
motion and an inverted pendulum is mounted on the top of
moving cart. Kalman filtering is governed by a linear
stochastic difference equation but when an inverted
pendulum is mounting on the top of cart, motion of cart
becomes non-linear. If the position of pendulum is considered
almost vertical then the nonlinear motion can be linearized
and filtering can be done using Kalman filter.

3.1 Mathematical Modeling of System

The Mass of cart is mc which is concentrated towards its
center of gravity i.e., (xG, yG) and an inverted pendulum
having mass mp is mounted on top of cart and the length of
pendulum is l.

Horizontal and Vertical motion is govern by the following
equations:

H =
2

2 ( sin )
d

m x l
dt

− α (10)
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2

2 ( cos )
d

m l
dt

α = V – mg (11)

Fig. 2: Model of Driven Cart Mounted with
Inverted Pendulum

For steady state analysis, considering α has very small
value in between –10 to 10 radians.

α = randn = 10 + 10 * randn (12)

H = V * randn (13)

x=
*randan

u mg

M M
− (14)

x = Ax + Bu – 1 (15)

l =
*randn

mg

M
Dynamic model of the system is very much nonlinear

and hence firstly through EKF algorithm, we linearized the
nonlinear system. The continuous time state space model is
discretised with a sampling time of 10 millisec.

4. SIMULATION RESULTS

We have optimized the measurement noise and the process
noise and compared the results of Kalman Filter with
Extended Kalman Filter and found that up to t = 100 sec, the
performance EKF is comparable with Kalman Filter with error
0.009m and 0.0470m respectively but after that state
estimation through Kalman filter is diverging with great extent
from true value than Extended Kalman Filter. A comparative
chart is given below to demonstrate the Error in estimating
the state through KF and EKF.

Table 1
Comparative Chart of Kalman Filter with Extended Kalman Filter

Time True state Extimated state Estimated state Error for Error for

(sec) (mt) for KF (mt) for EKF (mt) KF (mt) EKF (mt)

1 0.0022 -0.00015 0.00106 0.012 0.006

30 0.014 0.021 0.015 0.0047 0.002

60 0.065 0.078 0.060 0.045 0.005

90 0.138 0.150 0.168 0.004 0.011

100 0.170 0.196 0.170 0.047 0.009

Fig. 3: Comparison of Estimated States Between Fig. 4: Comparison of Error Between
            True Value with KF & EKF                  True Value and Measured value
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5. CONCLUSION

In this paper, we have discussed a detailed overview of
Kalman filter and Extended Kalman Filter to improve
inadequate statistical models, nonlinearities in the
measurement and found that the Extended KF incorporates
a new state estimate into the nominal trajectory to make future
state and measurement predictions more accurate. In state
estimation, paper compared the performance of Extended
Kalman filter and Kalman filter and through the simulation
results, we found that Extended Kalman filter give better
performance than Kalman filter and the states estimated by
EKF approached to the true values and hence we have much
optimized measurement noise and process noise for Extended
Kalman filter case.

Currently many systems successfully using the Kalman
filter algorithms in different diverse areas such as the processing
of signals in mobile robot, GPS position based on neural
network [12], aerospace tracking [13], [14], underwater sonar
and the statistical control of quality.

This work can be used as theoretical base for further
studies in a number of different directions such as tracking system,
to achieve high computational speed for multi-dimensional
state estimation.
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